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The (e,2e) process is analyzed for the case of an ultrafast electron pulse incident upon a target prepared in a
time-varying, coherent superposition of states. Conditions under which time-resolved target momentum densities
can be obtained from experimental measurements are discussed. Results for coherent electronic motions in both
the H atom and the H2 + molecule are used to illustrate the capability of an ultrafast electron pulse to image
time-dependent target electron dynamics.
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The last decade has seen growing interest in attosecond
science [1,2], one of whose goals is to image time-resolved
electron dynamics. Owing to advances in strong-field physics,
unprecedented time resolutions have been attained, and various
paradigms have been demonstrated for investigating ultrafast
dynamics in atoms, molecules, and solids. In self-probing
approaches [3], for example, in which residual ions are probed
by one of their own laser-driven electrons, high harmonic generation spectra have been used for tomographic reconstruction
of molecular orbitals of N2 [4] and CO2 [5] and laser-induced
electron diffraction spectra have been used to probe ultrafast
changes of the bond lengths of O2 and N2 during the ionization
process [6]. These successful advances that use electrons to
probe molecular structures are nevertheless limited by the
parameters of the driving laser fields. Alternatively, ultrashort
electron pulses have also been used to probe the ultrafast
dynamics of molecules and solids [7–10]. Moreover, ways of
generating ultrashort electron pulses with attosecond durations
have been proposed, either by pulse compression [11–14] or
by dispersion compensation [15]. Attosecond electron pulse
scattering experiments have been proposed and simulated as a
means to image target electron dynamics [16–18].
Stationary states of atoms and molecules have been
imaged using (e,2e) momentum spectroscopy [19–22]. In
kinematically complete measurements, the ejected electrons
can be analyzed to select ionized valence electrons, which are
the participants in chemical reactions [21]. Since symmetry
properties of spatial wave functions are preserved in momentum space [20], these symmetries can be determined from
measured momentum space densities. Thus, ultrafast electron
momentum spectroscopy is potentially an excellent tool for
investigating time-dependent electron dynamics.
We propose here to use attosecond electron pulses as
probes of electron dynamics in atoms and molecules (initiated,
e.g., by a pump laser) by means of (e,2e) measurements,
in order to obtain time-resolved momentum densities ρ(q,t)
of target electrons. We describe the (e,2e) process for an
ultrafast electron pulse incident at time t = 0 on a time-varying
coherent target state that we assume is produced at time
t = −td , where td is the delay time between production of
the target state and the collision. The symmetric-noncoplanar
setup [20] is chosen since measurements are then directly
related to ρ(qz ,td ), which is measured by varying the azimuth
angle φ of the detectors (see Fig. 1). We employ atomic
units.
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FIG. 1. (Color online) The symmetric-noncoplanar setup of a
pump-probe experiment to image the time-resolved momentum
density of target electrons. The momenta of the incident, scattered,
and ejected electrons are denoted by k0 , ka , and kb , respectively.

For an electron with momentum k0 incident on a target
atom or molecule A having momentum k1 , the electron impact
ionization [or (e,2e)] process we consider is
e− (k0 ) + A(k1 ,n) → e− (ka ) + e− (kb ) + A+ (kc ,m),
where ka and kb are the momenta of the scattered and ionized
electrons, and kc is that of the residual ion. The target has some
time-dependent internal structure to be probed. The eigenstates
of the target and the ion are specified, respectively, by the
sets of quantum numbers n and m. To describe scattering of
an electron from a coherent electronic state, an appropriate
collision theory must be developed. Robicheaux has studied
inelastic scattering of coherent matter beams from a target [23].
Among his findings is that the transition probability to a
different bound state of the target depends on the amplitudes
for the initial states, not their populations. We generalize
Robicheaux’s analysis to describe electron impact ionization
or (e,2e) processes in the case of a coherent incident electron
beam and target state.
Consider a coherent wave packet describing both incident
electron and time-dependent target state at t = 0,


(+)
= d k0 d k1 a0 (k0 )a1 (k1 )
Cn ψi(+) ,
(1)
ψcoh
n

where a0 (a1 ) is the momentum distribution of the incident
electron (target), Cn is the amplitude of the target internal
state n, and ψi(+) is the eigenstate of the full Hamiltonian,
for entrance channel i ≡ {k0 ,k1 ,n} with energy εi , satisfying
outgoing wave boundary conditions. Unlike the conventional
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(+)
treatment [19,20], in which a1 is omitted, ψcoh
describes both
the projectile and the target by wave packets. This is necessary
to observe the time-dependent internal structure of the target.
The transition probability density |Af |2 to some final state ψf
is [24]


2
∗
|Af | =
Cn Cn d k0 d k1 d k0 d k1 a0∗ (k0 )a0 (k0 )
n n

× a1∗ (k1 )a1 (k1 ) (2π )2 δ(εf − εi  )δ(εf − εi )
× δ(Pf − Pi  )δ(Pf − Pi ) Tf∗i  Tf i ,
(2)
where i  ≡ {k0 ,k1 ,n }, Pi ≡ k0 + k1 and Pi  ≡ k0 + k1 are
the total linear momenta of the initial eigenstates i and i  ,
Pf ≡ ka + kb + kc and εf are the momentum and energy
of the final state f ≡ {ka ,kb ,kc ,m}, and Tf i is the transition
matrix element of the Coulomb interaction between incident
and target electrons. One sees that |Af |2 has contributions
from different initial states i,i  and that each of them
satisfies momentum and energy conservation. The transition
probability P for a measurement is the integral of |Af |2 over
the parameters of the detectors,

(3)
d ka d kb d kc |Af |2 .
P=
m

In principle, interference of different momentum components may affect the ability to accurately image the target
electron momentum density ρ(q,t). In practice, for a high
incident electron energy and a large target mass m1 , Tf i is
insensitive to variations of the electron and target momenta
within the wave-packet amplitudes a0 (k0 ) and a1 (k1 ). In fact,
P can be simplified by approximating Tf i by its value at
the central momenta m0 v 0 (m0 = 1 in a.u.) and m1 v 1 of the
incident electron and the target. One then has to carry out
integrations over the energy and momentum delta functions.
The integrations over Eb ≡ kb2 /2, kc , and k1 are trivial. The
integration over k0 is separated into those for its components

perpendicular and parallel to v 0 and the integration
k0⊥ and k0

over k0 is done as in Sec. IIB of Ref. [23]. If the width
of a1 is assumed to be much larger than that of a0 (along
both the k1 and k1⊥ directions), the k1 integral can be done
straightforwardly [24]. The result of these integrations is the
triple differential probability (TDP) d 3 P/dEa d k̂a d k̂b for
electron impact ionization from a coherent state:
d 3P
dEa d k̂a d k̂b
where
B

n n


=(2π )

2



|ka ||kb | ∗
T  Tf i ,
|v 0 − v 1 | f i

(4)

d k0⊥ d k0 a0∗ (k0 − k,k0⊥ ) a0 (k0 ).

(5)



mn n

Bn n Cn∗ Cn

In Eq. (5), k ≡ (ωn − ωn )/|v 0 |, where ωn is the energy
eigenvalue of the target state n. Equations (4) and (5)
generalize and combine Robicheaux’s treatment of scattering
from a coherent state [cf. Eq. (12) in [23]] and the usual
(e,2e) scattering formulas [cf. Eq. (3.1) in [20]]. Note that
information on the internal structure of the target is embedded
in Tf i and the amplitudes Cn .

For scattering of ultrafast electron pulses ( 1 keV) with
kinematics near the Bethe ridge [25] (|v 0 − ka | ≈ |kb |),
the plane-wave impulse approximation (PWIA) is adequate
to evaluate Tf i for small target electron momentum q
(|q|  1.5 a.u.) [19–22]. In the PWIA, the incident electron
interacts with only one target electron at a time, and interactions with other electrons and nuclei are neglected, so the
many-particle Tf i is replaced by a two-particle one. For manyelectron targets, if the target and ion orbital wave functions
are calculated in the frozen-core Hartree-Fock approximation,
then Tf i is proportional to the momentum space wave function
φn of the orbital from which the target electron is ionized
[19–22]. Specifically, the TDP can be written as
d 3P
dEa d k̂a d k̂b

 (2π )−4



Bn n Cn∗ Cn

n n
∗
× φn (q)φn (q),

|ka ||kb | 4
|v 0 − v 1 | s4
(6)

where φn is the Fourier transform of the target-ion overlap,
s ≡ v 0 − ka is the momentum transfer of the scattered electron,
and q = ka + kb − v 0 is the target electron momentum at
the time of the collision. Owing to velocity mismatch of
laser pump and electron probe pulses (assuming the target
coherent state is produced by a laser pulse), P depends
in general on the position of the target (through the phase
of the coefficients Cn ). However, a technique exists for
overcoming the velocity mismatch [9,26]. Thus, we ignore
this effect and set Cn = cn e−iωn td , where cn is the amplitude
of the target state n at the time it is produced (i.e., at
td = 0). Note that if Bn n in Eq. (6) depends only weakly
on n and n (through k), then the TDP is proportional
toρ(qz ,td ) of the coherent state, i.e., d 3 P/dEa d k̂a d k̂b ∝
| cn e−iωn td φn (qz )|2 ≡ ρ(qz ,td ). In general, to image ρ(qz ,t)
of the coherent state, a0 must have a coherent width larger
than k.
To illustrate the capability of ultrafast (e,2e) momentum
spectroscopy, we consider coherent electronic states of the
prototypical H atom and H2 + molecular ion. For the H atom,
we consider a coherent superposition of the 3p and 4p states,
produced as detailed in Ref. [18]. Briefly, the H atom is excited
from the 1s state by a laser pulse, linearly polarized along the
z axis, whose bandwidth and photon energy are chosen such
that the 3p and 4p populations are equal; the beat period
T = 2π/(ω4p − ω3p ) of this coherent state is 6.25 fs. The
momentum densities ρ(qz ,t) along the polarization axis for
t = 0,1/4,1/2 T are shown in Fig. 2(a). Their symmetric
distribution implies symmetric motion of the charge density;
the valley at the origin originates from the nonzero orbital
angular momentum of the state. As time increases, the width
of the momentum distribution contracts, which implies that the
width of the corresponding charge distribution expands. Note
that for all times, the momenta are  0.3 a.u. In order to image
ρ(qz ,t) of a state having such small momenta, the parameters
for the momentum distribution of the incident electron and
for the angular resolution of the measurement must be chosen
carefully [27].
In order to show that the TDP in Eq. (6) is, for appropriate
experimental parameters, indeed proportional to ρ(qz ,t) of the
coherent state, we calculate P in the PWIA using Eqs. (2)
and (3), i.e., we do not approximate Tf i using the central
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FIG. 2. (Color online) Comparison of (a) the momentum density
ρ(qz ,t) of a coherent superposition of the 3p and 4p states of H (beat
period T = 6.25 fs) with (b) the transition probability P [cf. Eqs. (3)
and (2)] for (e,2e) scattering of a 10 keV, 100 as electron pulse from
that state at delay times td = 0, 1/4, and 1/2 T.

FIG. 3. (Color online) Effects of (a) transverse and (b) longitudinal interference. (a) The TDPs for four different beam angular spreads
θ0 at delay time td = 0. (b) The DDP of a 5-fs-duration pulse at
three different delay times td . Owing to symmetry about φ = 0, only
φ  0 results are shown. See text for details.

momentum of the incident electron wave packet, as was done
to derive Eq. (4). We choose the energy of the electron pulse
to be 10 keV (one of the cases considered in Ref. [12]) and
its FWHM duration to be 100 as. The kinetic energy of the
target is assumed to be 25 meV. The amplitude a0 is modeled
by a Gaussian distribution with longitudinal and transverse
widths set by the incident electron pulse duration and angular
spread θ0 , where cos θ0 = k̂0 · x̂. We assume θ0 = 10−3
rad. The scattering angle is θ = 45◦ , and the detection window
θ × φ is 0.2◦ × 0.2◦ [in order to resolve accurately ρ(qz ,t)].
The detector energy resolution is taken as 3 eV centered at half
the average final kinetic energy (≈ 5 keV). For the symmetricnoncoplanar setup, qz and the detection angle φ are related
by [20]

that of a0 as in Ref. [24]. We assume a Gaussian distribution
for a1 with a width of 0.6 a.u. For θ0 = 0.5 × 10−3 rad.
the ratio of the inner and outer peak maxima is >1, just
as in the momentum density in Fig. 2(a). For larger θ0 ,
this peak ratio declines and for θ0 = 2.0 × 10−3 rad. the
inner peak maximum is not visible. As θ0 increases, the
incident angle of the electron pulse becomes less well defined,
and hence scattering amplitudes with different incident angles
interfere. Whereas in Fig. 3(a) we show effects of transverse
interference, in Fig. 3(b) we show effects of longitudinal
interference by exhibiting the dependence on delay time td
of the double differential probabilities (DDPs) d 2 P/d k̂a d k̂b
[cf. Eq. (3)] for an incident electron pulse of 5 fs duration and
a detector energy resolution of 3 eV. Clearly the momentum
width is too narrow, so that the pulse has insufficient time
resolution. Hence, the DDP approximates the sum of the
momentum densities of the 3p and 4p orbitals, with little
time dependence.
For H2 + , we assume an equal superposition of σg 1s and
σu 1s states for large bond length R [18,28,29]. At equilibrium
the energy between adjacent electronic levels is usually several
eVs for the lowest-lying states. However, at large bond length
the electronic levels are closer, and, accordingly, coherent
electron motion occurs over a larger time scale. Contrary to
the case treated above for the H atom, the states σg 1s and
σu 1s have opposite parity, and the electron charge density
oscillates between the two nuclei, i.e., there is charge transfer
from one site to the other. For R = 6 a.u., the beat period is
T = 7.1 fs. The Born-Oppenheimer approximation is assumed
valid, and the molecular orbitals are constructed using a linear
combination of atomic orbitals. The energy levels of the
lowest two states are well separated from other excited states,
implying negligible contributions of excited states of the H
atom to these molecular orbitals. Thus, only the 1s orbital
of the H atom is employed. In addition, nuclear motion is
assumed to be negligible.
The electronic momentum and charge densities along the
molecular axis of H2 + as a function of time t are shown

qz =



2E0 sin

φ
,
2

(7)

where E0 is the kinetic energy of the incident electron, and
E0
ωn is assumed. The calculated P for three delay times
td are shown in Fig. 2(b).
Comparing P in Fig. 2(b) with ρ(qz ,t) in Fig. 2(a) shows
quite good agreement, with the following differences. First,
the widths of the peaks in P are wider due mainly to
the finite detection window. Second, P preserves both the
symmetry of ρ(qz ,t) and the valley about qz = 0 typical of
states with nonzero angular momentum (although P is small
but nonzero at the origin). Third, the stationary point in the momentum density around qz ≈ ±0.16 a.u. is reproduced in P
at φ ≈ ±0.38◦ . This is due to the innermost node of the 4p
momentum wave function φ4p (qz ). Finally, the ratio (<1) of
the inner and outer peak maxima in the P curve for td = 0 T is
opposite to the ratio (>1) of those peaks in the corresponding
momentum density curve.
To isolate the origin of the latter discrepancy in the peak
ratios of the td = 0 T curves in Fig. 2, the TDPs are calculated
for different θ0 at td = 0 T, as shown in Fig. 3(a). To obtain
these results the k1 integral in Eq. (2) is done numerically, i.e.,
we do not assume that the width of a1 is much larger than

050701-3

RAPID COMMUNICATIONS

Momentum Density

Momentum Density

HUA-CHIEH SHAO AND ANTHONY F. STARACE

1.6 (a)
1.2

0T
T/4

0.8
0.4
0.0

z (a.u.)

-2 -1.5 -1 -0.5 0 0.5
qz (a.u.)

1.6 (b)
1.2

1

1.5

2

1.5

2

3

4

T/2
3T/4

0.8
0.4
0.0
4.0

z (a.u.)

-2 -1.5 -1 -0.5 0 0.5
qz (a.u.)
-8
×10
(c)

1
0T
T/4
T/2
3T/4

3.0
TDP

PHYSICAL REVIEW A 87, 050701(R) (2013)

2.0
1.0
0.0

-4

-3

-2 -1
0
1
2
Detection Angle φ (deg )

FIG. 4. (Color online) Momentum and charge (inset) densities
along the molecular axis of a coherent superposition of H2 + σg 1s
and σu 1s states (beat period T = 7.1 fs) for (a) t = 0, T/4 and (b)
t = T/2, 3T/4. (c) The TDP for (e,2e) scattering of a 10 keV, 100
as electron pulse from that state for four values of the delay time td
(cf. Fig. 1 and text for details).

in Figs. 4(a) and 4(b). At t = 0 T the electron is localized
about the left nucleus and its momentum density is similar to
that of the 1s orbital of the H atom. As the electron moves
toward the other nucleus, its momentum density shifts toward
positive momenta. The TDPs calculated using Eq. (2) (in
which the k1 integral is carried out as described above for H)
are shown in Fig. 4(c) for different delay times td . The bond
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